The aim of this note is to show that the "usual" proof of the Maschke Theorem in the case of real and complex field can not be generalized at least to the case of a field of rational functions on a non-singular curve.
Introduction
Let a finite group G act linearly on a finite-dimensional vector space V over a field k. It is well known (Maschke's Theorem) that in case the characteristic of k does not divide the order of G the representation V is completely reducible. If k is a real or a complex field V admits a G-invariant hermitian form ( , ) : V × V → k which is positively defined. Then for any G-invariant subspace W of V we obtain V = W ⊕ W ⊥ where W ⊥ denotes the orthogonal complement of W with respect to ( , ). The decomposition V = W ⊕ W ⊥ holds since the restriction of ( , ) to W is nondegenerate. Moreover
The natural question arises whether every finite-dimensional G-module admits a G-invariant hermitian form such that its restriction to any (proper) G-invariant submodule of V is nondegenerate in case the characteristic of k does not divide the order of G. If this were true we would obtain an alternative proof of the Maschke Theorem. The aim of this note is to show that the answer is negative even when the action of G is trivial.
In the sequel k will denote a field with a fixed involution ie. an automorphism λ →λ of order ≤ 2. We shall always assume that the involution is not an identity or ch k = 2 otherwise. V will denote a finite-dimensional vector space over k. The following Lemma and Proposition are of course well known; the proofs are enclosed only for the completeness sake.
for all v, w ∈ V . If the involution of k is an identity we obtain 2(v, w) = 0. So (v, w) = 0 for all v, w ∈ V since ch k = 2 which is impossible. Let λ ∈ V such that λ =λ in case the involution is not an identity.Then
It follows from (1) and (2) that
So (v, w) = 0 for all v, w ∈ V which contradicts our hypothesis.Thus in both cases there exists v ∈ V such that (v, v) = 0.
Then there exist e 1 , e 2 , . . . , e n ∈ V which form a basis of V and such that (e i , e j ) = 0 if i = j.
By the Lemma there exists e ∈ V such that (e, e) = 0. Let e denote the subspace generated by e. Put e ⊥ = {v ∈ V | (v, e) = 0 which is a subspace of V . Let v ∈ V . We obtain (v − ((v, e)/(e, e))e, e) = (v, e) − ((v, e)/(e, e))(e, e) = (v, e) − (v, e) = 0
with ((v, e)/(e, e)) e ∈ e and [v − ((v, e)/(e, e)) e] ∈ e ⊥ .
Thus V = e ⊕ e ⊥ because e ∩ e ⊥ = (0). By the inductive hypothesis applied to e ⊥ which is of dimension n − 1 there exist e 2 , e 3 , . . . , e n ∈ e ⊥ which form a basis of e ⊥ and such that (e i , e j ) = 0 for i, j = 2, 3, . . . , n and i = j. Put e 1 = e. Then e 1 , e 2 , . . . , e n satisfy the required conditions.
and is a homomorphism where for any field K, K * denotes the multiplicative group of its non-zero elements. In case the involution of k is not an identity ϕ(λ) = θ∈G(k/k 0 ) θ(λ) where G(k/k 0 ) is the Galois group of the extension k/k 0 . So ϕ coincides with the "usual" norm homomorphism
is an epimorphism and dim V ≥ 2 then V contains a non-zero isotropic element. Proof: Let e 1 , e 2 , . . . , e n ∈ V form a basis of V and are such that (e i , e j ) = 0 if i = j (Proposition 1). Put λ i = (e i , e i ) for i = 1, 2, . . . , n. We have (e i , e i ) = (e i , e i ). So λ i ∈ k 0 for i = 1, 2, . . . , n. If λ i = 0 for some i then the corresponding e i is isotropic. So we can assume that λ i = 0 for i = 1, 2, . . . , n. Let us consider v = xe i + e j where x ∈ k such that ϕ(x) = −λ j /λ i and i = j. Then v ∈ V and v = 0. Moreover , x 2 , . . . , x n ) = 0 where f is a homogenous polynomial of degree d < n with coefficients in K, admits a non-trivial solution in K n .
is an epimorphism in case the involution is not an identity. So we can apply Propostion 2. Suppose now that the involution is an identity and let e 1 , e 2 , . . . , e n ∈ V form a basis of V and are such that (e i , e j ) = 0 if i = j (Proposition 1). The equation
has a non-trivial solution (x 1 , x 2 , . . . , x n ) in k = k 0 where λ i = (e i , e i ) and n ≥ 3. Let v = x 1 e 1 + x 2 e 2 + · · · + x n e n ∈ V . Then v = 0 and
Corollary Let k be a field of transcendence degree one over an algebraically closed field F with an involution which is an identity on F . Suppose 
